Abstract. We perform a numerical study on the concurrence of the ground state Heisenberg XXX with next-nearest-neighbor interaction with open and periodic boundary condition.
Introduction
Despite its simplicity, one-dimensional spin chains have always provided profound insights into numerous complex many-body problems. Moreover, there exists quasi one-dimensional systems that provides invaluable test-beds for many theoretical predictions, like spin-Peierls transition and magnetic susceptibility. Examples of these quasi one-dimensional systems are simple inorganic compounds like SrCu 2 O 3 , VO 2 P 2 O 7 , and CuGeO 3 and organic compounds like TTF-CuS 4 C 4 (CF 3 ) 4 [1] .
One particularly successful model is the Heisenberg magnet described by a nearest neighbor Hamiltonian of the form
where ⃗ S i represents spin-1/2 operators along a chain of N sites and periodic boundary condition is assumed for a closed chain. Historically, the Heisenberg magnet or XXX model has provided a solid background and a strong motivation for many elegant studies into the algebraic structures and symmetry of the model. The model, together with the anisotropic XXZ model, forms the fundamental basis for the elegant mathematical structure of a quantum group. It has also been shown that there exists a rich algebraic structure called a Yangian [2] which provides the underlying symmetry for this model.
Another interesting model is the XY model described by a Hamiltonian of the form
, in which the z-component of the spin-spin interaction is missing. Indeed, under the Heitler-London approach, it is possible to describe the Coulomb interaction subject to Pauli Exclusion principle for two quantum dots as an XY model. The study of cooperative behavior in magnets have also led to a prevalent interest in competing (frustrated) systems. Frustrated systems possess a high degeneracy of low energy states. Indeed, in the context of magnetic systems, geometrical frustration often leads to new states such as spin glass and spin liquid. In fact, a simple and natural way to incorporate frustration into a spin chain is to consider next nearest neighbor interaction of the form
where H could for instance be the Heisenberg magnet or the XY model (quantum dots).
In recent years, there has been increasing interest in observing entanglement in spin chains. Entanglement is perhaps the one of the most striking property of quantum mechanics. Entangled systems have been shown to be extremely useful as a resource for quantum information processing such as quantum teleportation [3] and superdense coding [4] . In this regard, entanglement in the ground state and thermal state of quantum spin chains, like the Heisenberg magnets, XY, XXZ models, has been extensively studied in many works [15, 16, 17, 18] . In ref [18] , it was shown that the properties of entanglement for Heisenberg spin chain and XY model are essentially the same. In particular, it has been shown that spin chains can act as a quantum wire to transfer a quantum state [5] from one site to another. Recently, in addition to spin chains with only nearest neighbor interactions, a number of studies have been performed on spin chains with next-nearestneighbor(NNN) interactions [6] . Also, extension to periodic spin-one Heisenberg model [7] has been studied, including an analytic investigation into 3-qubit next-nearest-neighbor model [8] .
Previous studies regarding the effect of next-nearest-neighbor interaction focused on Heisenberg XXX antiferromagnetic next nearest neighbor interacion with periodic boundary condition(PBC). For finite chains, there is a distinct qualitative difference between open and closed chains with periodic boundary conditions.
For multipartite system, it is still an open question how one could effectively provide a single measure to describe the entanglement. For pure states, there is a well known result due to Gisin that all entangled pure states in bipartite two-level systems violated the usual Bell-CHSH inequality [9] , and if there is no violation, the state is conversely separable [10] . For a state consisting of many qubits, the typical Bell-type inequality is the Werner-Wolf-ZukowskiBrukner (WWZB) inequalities [11] , but for odd number of qubits, it was discovered that there exist entangled pur states that do not violate these inequalities [12] . Extension of Bell-type inequalities to multipartite systems in general is difficult, especially if we require that these inequalities obey the Gisin theorem: That all entangled pure states violate the inequalities and conversely all separable pure states do not. However, for at least three qubit system, we do have a tight Bell-type inequalities obeying the Gisin theorem [13] . In this article, in order to carry out quantitative study of entanglement, we introduce a measure of entanglement called concurrence [14] , which is one of the useful quantitative measure of entanglement for spin-1/2 bipartite system. Defineρ for a bipartite density matrix ρ as
where asterisk denotes the complex conjugate. Concurrence is given by
where
is the eigenvalues ofρρ. Concurrence takes value between 0 ≤ C ≤ 1, C = 0 corresponds to a separable state and C = 1 corresponds to a maximally entangled state.
The Hamiltonian for Heisenberg model with next-nearest-neighbor interaction can be written as 
at ith and jth site.
The J 1 − J 2 model has been investigated theoretically for many years. For arbitrary values of J 1 and with J 2 > 0, it is a frustrated (competing) system. As shown in Fig. 1 , when J1 > 0 and J2 > 0 (AF-AF), the ground state is a spin liquid. The increase of the ratio of the coupling constants α ≡ J 2 /J 1 induces an infinite-order phase transition from a gapless state to a gapful dimerized state.
The critical point α c is numerically estimated to be α ≈ 0.241. When α is further increased to the so-called Majumdar-Ghosh (MG) point at α = 1/2, the ground state is the products of singlet pairs formed by nearest neighboring spins. 7, 8 It is two-fold degenerate since the Z 2 symmetry of translations by one site is spontaneously broken. When J 1 < 0 and J2 > 0 (F-AF) with −1/4 ≤ α ≤ 0, the ground state is fully ferromagnetic (FM), and becomes an S = 0 incommensurate state for α > −1/4. It is suggested that in this incommensurate state the gap is strongly suppressed. 10 For α = −1/4, the exact ground state can be shown11 to have a N + 2-fold degeneracy, comprised by S =0 and S=N/2 states (with N the lattice size). When J 1 > 0 and J 2 > 0 (AF-F), the system is believed to be in a gapless antiferromagnetic phase for any permissible values of J 1 and J 2 .
In this article, we perform numerical analysis on entanglement property in Heisenberg XXX with next-nearest-neighbor interaction employing concurrence measure. Specifically, numerical simulation of concurrence betwenn nearest-neighbor sites and next-nearest-neighbor sites is carried out up to N = 11. In Sec.2, we present detailed numerical results on Heisenberg XXX model with next-nearest-neighbor interaction. Finally, in Sec.3, we present some discussion and provide our conclusion to the results.
Heisenberg XXX chain
Hamiltonian for antiferromagnetic nearest-neighbor interaction is given as . Note however that for N = 6, NNN entanglement is absent in all value of J 2 . These results have already been observed in Ref. [6] . We also plotted the N dependence of concurrence at specific value of J 2 in Fig.? ?. It can be seen that the value of concurrence oscillates with increasing N both in C 12 and C 13 however, we observe that the amplitude of oscilation is smaller in C 12 .
Periodic Boundary Condition 2.1.1. Antiferromagnetic nearest-neighbor interaction
There is a phase transition at J 2 = 0.5, correponsind to the MG point. However, bipartite concurrence is unable to detect other phase transition, like the gapless and gapful phase at α = 0.241. Note that when J 2 ≤ 0.5, the nearest-neighbor concurrence is non-zero but it diminishes to zero for J 2 > 0.5. On the other hand, for next nearest-neighbor interaction, concurrence is zero for J 2 ≤ 0.5 and non-zero for J 2 > 0.5. Since the existence of entanglement as reflected in non-zero values of concurrence can be used as a resource for quantum information processing, like quantum teleportation and quantum state transfer, one sees that depending on the value of J 2 , one could use either nearest neighbor sites or next nearest neighbor sites as resources.
Ferromagnetic nearest-neighbor interaction(J
Results ferromganetic spin chains are similar. Note that NN entanglement is absent for all value of J 2 since the ground state for ferromganetic chains are separable states. In fact, the absence of NN entanglement in usual periodic Heisenberg XXX model is easily deduced analytically [19] . Also, NNN entanglement for N = 6 is absent for all value of J 2 . We see that NNN interaction does not contribute to enhancement of entanglement between NN pairs. interaction, which significantly differs from PBC case where all the NN pair entanglement are suppressed by NNN interaction. In addition, it can be seen that C 12 tends to have higher concurrence compared to C 23 and C 34 . We deem that this is because of the unique property of entanglement called monogamy. Since the sites in the middle of the chain have more sites to interact compared to the sites at the end, they tend to have stronger correlation with other parties. Note that for even number of sites, all the neighboring pairs such as (1, 2), (3, 4) , · · · , (N − 1, N ) becomes maximally entangled state at J 2 = 1/2. This opens up a possibility of quantum teleportation along an arbitrarily long chain by successive Bell state measurement [20] . (J 1 < 0) . Also, transition from non-entangled state to entangled state occurs at lower value of J 2 . We observe an interasting shark peak in C 35 for N = 7, however peaks are not observed for N = 9 and N = 11 which are observed in the case of J 1 = 1. In addition, absence of entanglement in whole region of J 2 is observed in C 35 for N = 8.
Open Boundary Condition 2.2.1. Antiferromagnetic nearest-neighbor interaction(J

Conclusion
We have performed a numerical study on the ground state concurrence of both Heisenberg XXX model with periodic and open boundary condition. We have found that although next-nearest-neighbor interaction does not enhance entanglement in nearest-neighbor pair in Heisenberg XXX model with periodic boundary condition, for Heisenberg XXX model with open boundary condition, nearest-neighbor entanglement could be enhanced by next-nearestneighbor interaction. This feature is also present in Heisenberg XX model both in periodic and open boundary condition. Also in Heisenberg XXX model, next-nearest-neighbor entanglement can be induced only by antiferromagnetic (J 2 > 0) next-nearest-neighbor interaction regardless of periodic or open boundary condition. In addition, we find that in XXX system although the sign of nearest-neighbor interaction has little effect on the behavior of concurrence, transition from non-entangled state to entangled state occurs at lower value of J 2 if nearest-neighbor interaction is ferromagnetic(J 1 < 0). We believe that results obtained from such finite chains can be simulated coupled cavity or optical lattices [21] .
